In current research we investigate the dual-tone dielectric response of bulk plasmon excitations in a finite temperature electron gas with arbitrary degree of degeneracy and screening effect, using the linear response theory. The dielectric function of plasmon excitations is numerically evaluated in the framework of random phase approximation (RPA) along the line of the Lindhard's origi-
nal approach. The energy-loss function and dynamic structure factor are calculated and various physical properties of plasmon response to external perturbation are studied based on fluctuationdissipation theorem. The dynamic structure factor reveals some characteristic features such as dual scattering and Fano-like double resonance effect absent in standard Lindhard theory. This is due to elaboration of full energy dispersion relation in current analysis which accounts for both wave and particle scales of excitations. While in the standard response theory the electron-electron interactions are accounted by including a constant effective mass, in our model the effective mass a momentum dependent character. It is shown that critical values of plasmon wavenumber and frequency play fundamental roles in different aspects of the plasmon dielectric response and elastic as well as inelastic scattering phenomena. Distinct characteristic response of pure electron gas is discussed in current model. We believe that our more realistic approach provides more detailed information on the nature of electromagnetic wave and particle beam interactions in plasma environments.
I. INTRODUCTION
The study of light-matter and particle-matter interactions are of primary subjects of most interdisciplinary physical and chemical sciences [1] . In fact, such studies are cornerstones for development of fundamental modern physics theories during the past century such as quantum mechanics. Theories which our technological endeavors like efficient semiconductors industry and emerging fields of opto-and nano-electronics [2, 3] , plasmonics [4] [5] [6] , low dimensional quantum devices [7] , etc. strongly rely on. For plasmas various external perturbations constitute the main techniques for diagnostics and provide fundamental probes to measure the thermodynamic state quantities such as temperature, density, collision and scattering parameters [8, 9] . The linear response theory [10] [11] [12] is one of the most straightforward approximate methods to investigate dynamics of a wide range of statistical parameters subject to external perturbations in many body systems [13] [14] [15] . This is due to lack of exact analytic models for treatment of large quantity interacting quantum statistical systems.
With the invent of fast computing devices and improved algorithms many computational platforms based on theories such as density functional [16] and Hartree-Fock approximation [17] , quantum kinetic and hydrodynamic [18, 19] models and quantum simulation methods [20] has been developed and refined over the recent decade in order to probe features of interacting quantum statistical systems.
Quantum effects give rise to fascinating unique physical properties of metallic compounds and semiconductors [21] [22] [23] [24] . They also play dominant role in physical processes in warm dense matter (WDM) [25] and astrophysical dense objects [26] . Pioneering developments [27] [28] [29] [30] [31] [32] [33] [34] [35] of quantum statistical theories over recent decades have led to emergence of modern quantum plasmas. Recent studies of linear and nonlinear aspects of dense plasmas based on most well-known theories such as quantum kinetic, hydrodynamic and magnetohydrodynamic [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] , density functional quantum hydrodynamic [48] and Schrödinger-Poisson system [49, 50] , to name a few, have uncovered myriad of new features of quantum plasmas not present in classical counterparts. They also confirm that these theoretical tools constitute quite useful means of studying quantum statistical systems with large degree of freedom.
Recent detailed constructive debates [51] [52] [53] [54] [55] [56] [57] among the followers of quantum hydrodynamic model deduced from Wigner-Poisson (WP) kinetic theory and density functional (DF) approach based on original Kohn-Sham and Thomas-Fermi theories has led to improvement in fundamental elements of models by considering kinetic [58] [59] [60] and gradient corrections [61, 62] to respective original models.
It is however well known that in order to capture the essence of kinetic aspects of the statistical system such as the Landau damping effect and nonlinear instabilities one has to undertake the full kinetic approach. One of the rigorous kinetic treatments of quantum dielectric response of free electron gas has been developed by Lindhard by employing the random phase approximation (RPA) [63, 64] . The dielectric response function is the most fundamental quantity from which most of important physical quantities like dynamic and static structure factors [65] , radial distribution function, dynamic and static charge screening potential, optical and electric conductivity, elastic and inelastic scattering cross-sections and stopping power, etc. are calculated [66] . In the RPA the complexity of many body electronic interactions is eliminated by considering the interaction of each independent electron with a self-consistent field. However, in this approach each electron is considered as a free electron with parabolic energy dispersion. This is a very simplifying assumption indeed. Recently a dual scale-length theory of electron gas [67] has been developed in which electrons carry two momentum one due to the single-particle oscillations and the other due to collective excitations of the electron gas [68] . Therefore, the generalized energy dispersion of electrons contain information not only due to single electron states but from the whole system as well. The later is equivalent to inclusion of effective mass from the energy band structure in condensed matter theories which in standard Lindhard dielectric response treatment has taken into account by simply replacing the electron mass with the effective one which is clearly energy independent. In current improvement we use the RPA theory within the framework of the linear response theory by considering the generalized energy dispersion relation which accounts for energy dependent effective electron mass.
II. DIELECTRIC FUNCTION IN LINEAR RESPONSE MODEL
The purpose of this work is to investigate the response of a plasmon gas to external perturbations in the framework of the well-known linear response theory. The theory has potential applications in excitations in various degenerate liquids such as metals, semiconductors and warm dense matter. Within the random phase approximation (RPA) the linear response function may be expressed as [69] χ(r, r ′ , ω) = lim
where Ψ i (r) is the plasmon state-function elements for density matrix at given position r and ω ij = ω i − ω j is the plasmon frequency jump. Also, f i is the occupation probability of plasmon excitation in the state i. In the momentum state (1) is translated into
in which
are the density matrix elements. Therefore the longitudinal electrostatic dielectric function in RPA is written as
where δ q,q ′ is the Kronecker delta function and ν(q) is the Fourier transform of the Coulomb potential given as
The Lindhard model of response function for Fermi electron gas in RPA is given as [70] χ(q, ω) = 1 4π 2 lim
in which f (k) = 1/{exp[(ǫ − µ)/k B T ] + 1} is the Fermi-Dirac occupation function and ǫ(k) =h 2 k 2 /2m * is the single electron energy dispersion relation in the de-Broglie freeparticle picture. The integration with respect to the polar coordinate results in the following real part of the dielectric function for arbitrary degenerate electron gas
where q 1 = q/2 − m * ω/hq and q 2 = q/2 + m * ω/hq with m * being the effective mass of electron in Fermi gas and β = 1/k B T with T being the electron gas temperature. On the other hand, the imaginary part is obtained in the following form
gas dielectric function and one has to evaluate it by numerical means. Note that the dielectric function satisfies the condition ε(q, −ω) = ε * (q, ω). Note also that the real and imaginary parts of the dielectric function are related via the following Kramers-Kronig relations [12] ℜ
where P refers to the Cauchy principal value of the integral. The frequency dependent electric conductivity of the electron gas is obtained by ε(ω) = 1 + 4πiσ(ω)/ω which is related to the conductivity in the classical Drude model via σ(ω) = σ 0 /(1 − iωτ ) where σ 0 = ne 2 τ /m refers to the Drude conductivity and n and τ , respectively, refer to the electron density and collision time. Moreover, the complex index of refraction is given as
. Therefore, the normal-angle optical reflectivity and absorption are given as
The parameter a(ω) is related to the penetration depth of electromagnetic radiation by The electron gas has also a fundamental optical property called the plasma edge taking place at the characteristic plasmon frequency ω p = 4πe 2 n/m below which the dielectric function becomes purely real and negative leading to string absorption of the electromagnetic radiation. For typical metals the frequency resides at the ultraviolet frequency band. Therefore most metals reflect the visible radiation. One should note that the electron density is a function of the temperature T and the chemical potential µ in the finite temperature limit given as [60] 
where the polylogarithm function has the following integral forms
with Γ being the ordinary gamma function. Also, the effective density of states of the electron gas is given by [23] 
where Λ e is the electron thermal de Broglie wavelength. The Lindhard dielectric function has been generalized by Mermin to include the electron-ion collision effects as
in which ε L denotes the Lindhard dielectric function and ν is the electron-ion collision fre- 
The term fluctuation-dissipation originates from the fact that the dynamic structure factor determines the scattering intensity of particles (electromagnetic waves) from the density fluctuations in the electron gas. Because the exact many-body eigenfunction can not be calculated for the statistical system, the fluctuation-dissipation theorem plays essential role in approximate determination of the dynamic structure factor for noninteracting systems using the linear response function method. However, the real system of electrons, especially the degenerate ones, are far from noninteracting and one should not expect to find a reasonable approximation for the dynamic structure factor via fluctuation-dissipation unless a detailed information on the effective interaction between the single particle and the whole system is known. In the following section we provide the plasmon model which incorporates an effective energy dispersion relation which includes such essential features.
III. DIELECTRIC RESPONSE OF PLASMON EXCITATIONS
The linear response theory may be applied to the plasmon excitations in a similar manner as the electron gas. It has been however shown that plasmons due to their dual length-scale character are double quantized [67] . The following linearized 1D Schrödinger-Poisson model with pseudodamping effect can be used to study the plasmon excitations in the electron gas with background neutralizing positive ions (jellium model) with the charge screening effect where K is the pseudodamping parameter and Ψ(x) and Φ(x) are the normalized density and potential state-functions. The plasmon energy eigenvalues ǫ are defined as E = (ǫ − µ)/2E p in which E p =hω p is the plasmon energy unit. Other normalizing units for length and wavenumber are plasmon length λ p and plasmon wavenumber k p = 1/λ p = 2mω p /h. The solution to (16) , containing all information regarding the density matrix, reads
where Φ 0 and Ψ 0 are constants and β 1 = k 2 1 − K 2 and β 2 = k 2 2 − K 2 with
The dual lengthscales of undamped plasmons correspond to the single-particle, |k 1 | = k 1 = k, and collective, |k 2 | = k 2 = 1/k, wavenumbers which satisfy the complementarity-like relation k 1 · k 2 = 1 in the normalized scheme. The energy dispersion relation for the
On the other hand, the energy dispersion relation for pseudodamped plas-
in which E is scaled to plasmon energy and k and K are normalized to plasmon wavenumber. Note that the generalized pseudodamped plasmon wavevectors are k ′
The pseudodamping (screening) parameter K is defined in terms of the screening wavenumber K = k sc /k p which is the Thomas-Fermi model with k sc = 4πe 2 ∂n/∂µ. Therefore, we find the screening parameter is related to the normalized chemical potential µ/E p and θ = T /T p (T p = E p /k B being the plasmon temper-
The plasmon energy dispersion relation gives rise to a generalized wavenumber dependent relation for the effective electron mass in the electron gas given as m * = m/ 1 + (3k
In the Lindhard dielectric model the electron effective mass has been accounted for by including a constant mass m * in (7) . Note that the effective mass of non-free electrons in current plasmon dielectric model depends on both excitation wavenumber as well as on the screening parameter, K. In metals with the periodic lattice arrangements one should also take into account the variations of effective mass due to energy band structure of crystal lattice. However, here we postpone this extension for future research. The Lindhard's plasmon dielectric function using the plasmon energy dispersion ǫ k ′ +q = µ + (k ′ 1 + k ′ 2 + q) 2 /2 − 1 and assuming constant chemical potential, may be written as
where q 1 = q/2 − ω/q, q 2 = q/2 + ω/q, ζ = 2r B k p with r B =h 2 /me 2 being the Bohr radius.
The parameter ζ ≃ 1.26 × 10 6 /n 1/4 0 with n 0 (cm −3 ) being the number density is the scaling parameter of dielectric response for given electron density. The imaginary component is
.
Note that ω and q are scaled to plasmon frequency and wavenumber, respectively. Note also that in the limit of K = 0 and k ≫ k p the dielectric functions (19) and (20) asymptotically approach the finite temperature Lindhard dielectric functions (7) and (8). In the following analysis we take k p = ω p = T p = 1 for simplicity in the analysis. We also use the parameter K as independent from density and temperature. In reality the screening parameter only insignificantly varies with the temperature over density variations. We also used the Bose-Einstein occupation function for plasmon excitations in the dielectric functions (19) and (20) . The normalized dynamic structure factor within our scheme is given as
There is an asymmetric response due to the fact that S(q, ω)/S(−q, −ω) = exp(ω/θ). The energy loss function is directly obtained considering the symmetric aspects of dielectric function via the following identity
There are physical parameters which are accessible through the static dielectric function ε(0, ω). The screening potential of a moving charge in dielectric media is given as
where Z and v are the test charge atomic number and velocity, respectively. The static charge screening potential then satisfies (23) by setting v = 0. On the other hand, the normalized static structure factor which is a measure of the density-density correlations is given as positive ion cores. The radial distribution function is given as
The standard theory of the Raman scattering states that the doubly differential cross section is directly proportional to the spatiotemporal Fourier transform of electron-electron density correlations. Hence, according to the fluctuation-dissipation theorem the cross section is related to the energy loss function as
Finally, the angle resolved Thomson scattering cross section is calculated using the fol- lowing relation
where ξ = cos θ and
in which q ξ = q (1 − ξ)/2. Another important physical property of plasma which can be obtained from loss function is the stopping power of the ion beam by the plasma due to the polarization effects. The stopping power find a critical application in inertial confinement fusion which occurs at warm dense matter (WDM) regime. The basic calculation of this parameter is due to polarization and dielectric response of the plasma leading to the inelastic scattering effect. The scattering rate is given as S r (q, ω) = (4πe 2 Z/q 2 ) 2 (2π/h 2 )S ω (q). The rate of the energy loss is given by the following simple relation
The stopping power follows a simple relation S p = −dE/dl and is given by the following double integral
where v is the ion speed and v p = ω p /k p is the corresponding plasmon speed. Figure 1 shows the dispersion curves (ℜ[ε(q, ω)] = 0) for different plasma parameters. Figure 1(b) shows the dispersion curve for increased screening parameter value of K = 0.8. It is remarked that the collective branch is shifted to lower frequencies and the cutoff frequency decreases. Moreover, Fig. 1(c) reveals that the increase in the fractional electron temperature θ shifts the collective branch to higher frequency values increasing the cutoff frequency. However, the shift in the particle branch is insignificant. Finally, Fig. 1(d) depicts the dispersion curve for critical screening value K = 1. It is clearly seen that the dispersion curve strongly shrinks to much lower wavenumber and frequency values, so that, the collective mode totaly vanishes. It is also remarked that the wave-particle excitation branches connected before the point in which dielectric function becomes imaginary and the Landau damping takes place.
IV. NUMERICAL ANALYSIS
In Fig 2 we have shown the variations in real and imaginary parts of the RPA dielectric function for plasmon excitations with the changes in different parameters. Figure 2(a) shows the real part for different values of the screening parameter K and fixed fractional temperature θ and normalized frequency of excitations. It remarkable that unlike usual Lindhard dielectric response of Fermi electron gas, the plasmon response contains two distinct sharp peaks in momentum spectrum corresponding to a dual scattering phenomenon. It is also revealed that the increase in the screening parameter leads to softening of the peaks so that by approaching the critical screening value K = 1 the smallest peak corresponding to higher momentum values is completely eliminated. The stronger peak at lower momentum values corresponds to collective mode while the weaker peak is due to single particle (electron-hole) excitations. It is interesting that dielectric response of collective mode to external excitations corresponds to phase speeds higher than the speed of light in vacuum while the opposite is true for single particle excitations. Figure 2(b) shows the variation in imaginary part of dielectric function in momentum spectrum for changes in the same parameters as in Fig. 2(a) . It is seen that the imaginary momentum range is limited to a band width of which decreases by increase in the value of screening parameter K. It is also revealed that the value of imaginary component decreases by increase in value of this parameter. The imaginary values possess maximum values at lower momentum which shift to lower momentum by increase in screening parameter. Figure 2(c) shows that variation in real dielectric function with increase in the normalized external excitation frequency indicating the fact that the dielectric spectrum shifts as a whole to higher momentum values and becomes closer in values to the vacuum permeability. On the other hand, Fig.   2 (d) reveals that the increase in fractional temperature parameter leads to sharp increase in magnitude of the dielectric response without altering the peaks positions in momentum spectrum. Figure 3 shows the variation in frequency dielectric response spectrum with the changes in different plasma parameters. Figure 3 to external perturbations without altering the peak frequency values. It is seen from Fig.   3 (b) that unlike for the momentum response spectrum of Fig. 2 for the frequency response spectrum the imaginary part of the response is almost flat and start from zero frequency up to a maximum value for all varied values of parameters. It is also remarked that the increase in screening parameter significantly lowers the imaginary component of dielectric response function narrowing the imaginary response frequency band to limited range around the critical frequency ω = ω p . Moreover, Fig. 3 (c) indicates shifts in peak frequency response to lower and upper values respectively for lower and upper peaks with increase in the normalized momentum. It is also remarked that the increase in momentum of external excitations leads to overall decrease in the plasmon frequency response. Furthermore, Fig.   3 (d) indicates that increase in fractional temperature parameter leads to strong increase in frequency response of plasmon excitations. Figure 4 shows the frequency spectrum of normalized dynamic structure factor for different parameters. Figure 4 (a) with the value of K = 0 (pure electron gas) shows two asymmetric broadened peak centered almost at the critical frequency ω p . Figure 4 (a) also reveals that the resonance peak amplitude lowers as the screening parameter increases. It is interesting that for undamped plasmon the dynamic screening peak degenerates into two distinct humps. Figure 4 (b) reveals that the increase in momentum of excitations leads to further broadening of the peaks and emergence of dual resonance mode. Figure 4 (c), shows that increase in the fractional electron temperature significantly increases the resonance amplitude at critical plasmon frequency. Finally, Fig. 4(d) shows the dynamic structure profile for similar parameters as in Fig. 4 (a) but with momentum value q < k p . Distinct differences between Figs. 4(a) and 4(d) are clearly evident which shows sharpening of the resonance peaks at lower momentum q values. Figure 5 shows the momentum spectrum for dynamic structure factor for varied plasma parameters. It is remarkable that Fig. 5 (a) implies dual resonant scattering phenomenon for undamped plasmon (K = 0) case which smears out as K increases. The dual resonance has been recently confirmed using the damped driven plasmon excitations model in Ref. [72] . It is also remarked from Fig. 5(b) that the excitation frequency has a fundamental role in the dynamic structure factor and leads to a significant shift of the spectrum to higher wavenumbers, lowering the amplitude. It is also seen that the increase in fractional electron temperature (e.g. see Fig. 5 (c)) leads to overall increase in the values of the dynamic structure factor with no momentum shift. On the other hand, Fig. 5(d) reveals that for over-critical frequency ω > ω p the increase in the screening parameter leads to overall decrease in the amplitude of the dynamic structure factor.
The inverse of static dielectric function is depicted for various parameters in Fig. 6 . It is remarked that there is a clear discontinuity at the universal wavenumber value q = k p where the excitation momentum becomes twice that of the plasmon wavelength. In the zero temperature electron gas the condition reduces to q = 2k F where k F is the Fermi wavenumber. This is well known to lead to the Friedel oscillation effect in metallic compounds. Figs. 6(a) and 6(b) reveal that the increase in screening parameter and fractional temperature lead to decrease and increase in the discontinuity, respectively. Moreover, Fig. 6 (c) and 6(d) depict the asymmetric nature of the dielectric response to frequency perturbations of plasmon excitations.
In Fig. 7 (a)-7(c) we depict the regions where the dielectric function is real and imaginary (enclosed region). It is remarked from Fig. 7(a) that imaginary strip where the landau damping sets in for collective un-driven modes extends up to higher frequencies as it is shifted to larger range of q-values. The plasmon dispersion curve of Fig. 1 meets this region at the mentioned critical values of wavenumber and frequency where the collective branch meets the single particle one. The imaginary strip is also called the electron-hole continuum region where the electron-hole generation dominates the collective excitations. Figure 7(b) shows the narrowing of the imaginary strip with increase in the screening parameter value.
However, this strip is broadened by increase in the fractional temperature parameter, sharply.
In Fig. 7(d) we have shown the region where the dielectric function is real but negative.
This region is the same as one enclose between the two wave and particle branches in Fig. 1(a) . In this region the refractive index is purely imaginary and hence the collective excitations are blocked. Such blocking is known to be one of the main concerns for the reentry communication blackout of spacecrafts missions.
Figures. 8(a) and 8(b) depict the Thomson scattering spectra of plasmon excitations
with different plasma parameters. They indicate pronounced maximum scattering at intermidiate wavenumber region. Fig. 8(a) shows the effect of increase in fractional temperature parameter on the spectrum indicating an overall in crease in the cross-section and a shift of maximum towards lower wavelengths. Moreover, Fig. 8 (b) reveals that increase in the screening parameter leads to lowering of the cross-section shifting the maximum scattering wavenumber to lower values. On the other hand, Fig. 8(c) shows the static screening potential of an impurity charge in pure electron fluid (K = 0) and jellium model (K = 0).
The modulated oscillations on the potential profiles are due to Friedel-like effect. It is also remarked that the static screening of jellium model is relatively larger compared to the pure electron liquid. Finally, Fig. 8(d) depicts the radial distribution function which reveal oscillatory nature indication of string pair correlations in the degenerate electron fluid (k p = 1). Figure 9 shows the variations in the real and imaginary parts of the refraction index due to plasmon excitations in arbitrary degenerate electron gas. Figure 9 (a) reveals that in the high frequency limit the refraction index becomes independent of frequency and approaches the value of unity for all valuesof the screening parameter. It is also remarked from Figs. 9(a) and 9(b) that there is a critical frequency below which the refraction index becomes imaginary and with increase in the screening parameter k the critical frequency shifts to lower values. Moreover, Figs. 9(c) and 9(d) show that the increase in the fractional electron temperature leads to increase in the critical frequancy value.
In Fig. 10 we have depicted the dynamic optical response parameters for arbitrary degenerate electron gas. Figure 10 (a) clearly shows plasma edge effect slightly below the critical frequency ω p . The later is due to occurrence of single-electron excitations (interband transitions). The significant effect of charge screening on reflectivity is clearly seen in the plot. As the charge screening becomes stronger the plasma edge is shifted towards lower frequency values. Moreover, Fig. 10 (b) reveals that the plasmon edge shifts to higher frequencies as the fractional electron temperature θ is increased. The plasma edge effect has critical influence on communication blackout during reentry mission. It is therefore revealed that increase in electron temperature of plasma electrons leads to significant increase in the blackout frequency. Figures 9(c) and 9(d) show the absorbtion coefficient of radiation. It is revealed from Fig. 10 (c) that the absorption exists below the cutoff frequency at plasma edge. It is also seen that increase in the charge screening strength gives rise to significant decrease in the electromagnetic absorbtion. Note that the screening parameter is functions of the chemical potential and the electron fluid temperature itself. However, for simplification purpose we have ignored these dependencies in current analysis. The absorbtion coefficient and imaginary refraction index are related to the energy loss of radiation in the frequency range below the plasmon frequency. Finally, Fig. 10(d) depicts the effect of fractional electron temperature on the absorbtion coefficient. It is remarked that increase in the temperature parameter radically increases the absorption of electromagnetic radiation below the plasmon frequency.
V. CONCLUSION
We investigated the dielectric function of the plasmon excitations in a plasma with arbitrary degree of degeneracy using the standard linear response theory and the random phase approximation (RPA). We employ a new energy dispersion relation different from the stan-dard parabolic dispersion for free electrons in order to capture the essense of wave-particle interactions in current theory which in the standard Lindhard theory has not been considered. We also report characteristic features of the dynamical structure factor and energy loss function which provide vital information on the interaction of electromagnetic waves as well as particles beams with plasmas. In current model a screening parameter included in order to account for jellium assumption of the model which is clearly distinguished from the pure electron gas. Current extended model of dielectric response can provide more useful and realistic aspects of linear response theory compared to the previous models.
